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An Exact Solution 

for a Static Spherical Shell of Matter in Vacuum. 

C .  LEIBOVITZ 

T e l - A v i v  Uni~'ersity, P h y s i c s  Depar tmen t  - Tel-At~iv 

(ricevuto il 7 Marzo 1968) 

S ~ m m a r y .  - -  An exact solution for ~he gravitational field in a static 
spherical shell of matter is given. The exact junction conditions in the 
case of a thin shell are deduced. 

I t  is k n o w n  (~) t ha t ,  in  the  case of a spher ica l  s ta t ic  per fec t  fluid a n d  for 

a l ine e l e m e n t  of the  k i n d  

(1) d s 2 =  e ~ d r  "- _ r 2 ( d O  2 + sin-° Od~ ") + e~'dt -~ , 

the  pressure  is a decreas ing  f u n c t i o n  of the  radius  co-ord ina te  r. I t  is there-  

fore n o t  possible  to have  a spher ica l  shel l  of per fec t  fluid in  e q u i l i b r i u m  in  vae- 

u m n  since,  in  th i s  case, t he  p ressure  is to  be  zero for two di f ferent  va lues  of r. 

However  i t  is s t i l l  possible to have  a spher ical  shell of m a t t e r  i n  equ i l i b r ium 

prov ided  ~ e  a l low for T~ ~-T~;  in  th i s  case, the  j u n c t i o n  cond i t ions  (2) for the  

spherical  shel l  w i t h  v a c u u m  do n o t  impose  condi t ions  on I'22; i t  is however  

necessa ry  t h a t  we h a v e  T~ = 0 for two d i f fe ren t  va lues  r ~- a a nd  r---- b of the  

rad ius  co-ord ina te .  This  m a y  be ach ieved  if we have  

(2) 1 
T 1 ~-- ] ( r ) ( r - - a ) ( r - - b ) ,  

where J(r) is a r egu la r  nonzero  f u n c t i o n  in  the  i n t e r v a l  a < r < b. 

(1) B. HARRSIO~-, K. THORNE, 1Y[. WAKANO and J. WHEELER: Gravi tat ional  Theory 

and  Gravitat ional  Collapse, Theorem 6 (Chicago, 1965), p. 26. (The theorem deals with 
cold catalysed matter but  is in fact more general.) 

(2) W. ISRAEL: Proe.  Roy .  Soc.,  248 A, 404 (1958). 
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-8=TI= e:+ (:~' 

- -  8 ~ T ~  = e . . . .  

8~0 = e_~(o/  1 )  1 ~ - - ~  + ~ =  

Einstein equations for the static case m a y  be wri t ten (~) 

( 3 )  + - -  r 2 , 

(4) . . . .  4 + - 4 - + ~ - r  ] '  

(5) 8~T,'. 

Tha t  is to say three equations relating the five functions /"11, :T~, T~, ~o, o. I t  
is therefore  possible to consider two of these quantit ies (or combinations of 
them) as arb i t rary  functions. However~ in order to obtain physically meaning- 
ful solutions, the mathemat ica l ly  a rb i ta ry  functions must  be rest r ic ted some- 
how so tha t  the calculated pressures and densi ty satisfy some general physical 
conditions ( ~ >  T~, ~ T]). In  the case the  a rb i t ra ry  functions have /qew- 
tonian defined equivalents,  i t  may  be expected tha t  if these functions are phys- 
ically aeceptuble f rom the Newtonian point  of view they  will lead to general 
relativist ic acceptable results (at least for these values of the paramters  cor- 
responding to weak fields). 

We chose for a rb i t ra ry  functions the radial  pressure p,~----T~ and the 
Newtonian defined gravi ta t ional  field in tens i ty  

( 6 )  

F r o m  (3) and (5) we deduce 

(7) 

(8) 

r 

g - -  
r 2 

a, _ 8 ; ~ p ~ - -  2g 
1. + 2gr ' 

( ~  (1 + 2gr) -1 . 

I t  is to be remarked tha t  eq. (7) and (8) derived here for the static case 
are still valid for the t ime-dependent  ease since eqs. (3) and (5) have the same 
form in the static and in the t ime-dependent  case (for a line element  of the 
form (1)). 

Equat ions (7) and (8) are, formally, a solution of Einstein 's  equations 
including two arb i t ra ry  functions p~(r) and g(r). 

We will choose for the expression of g the ~qewtonian one corresponding 
to a homogeneous densi ty  

(9) ~ z 3d/(4~)  (d : constant)  

(a) R. TOLMAN: Relativity Thermodynamics and Cosmology (Oxford, 1934), I). 244. 
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and obtain for g the expression 

d 
(10) g(r) = d r - -  d a a / r ~ =  7r., (r ~ -  a ~) 

(a being the internal radius of the shell) and for c ~ 

2da 3 )-1 
_ _  __ 2 d r  2 (11) e ~ =  1 4 .  r " 

We see from (10) tha t  g ( a ) =  0, so tha t  from (7) we obtain tha t  a ' ( a ) =  0 

if we want to have p , ( a ) =  O. 

We found tha t  relatively simple results could be obtained by taking 

a ,  k( r - -  a) 

r(~-- ~) (k and u being constants) 

and restricting the values of k and u so tha t  p, is zero for r =  b. 

sulting solution is 

(12) 

e ~ = qr  ~1" ( u -  r) ~(I-=t") , 

The re- 

with 

(13) 

calculations give 

(14) 

u = b + k(b-- a)--  

3d ~ = ~ ,  

k b ( b -  a) 

2d(b  a -  a 3) ; 

(15) 

(16) 

= 7~(uZr) I_a~+b~+ab 2d(l~'+l)(r=÷a"-+ar),  

t ~(~-_ u)~ 
> ( r -  a)~ 

4- r ~ ( r - -  u)2 

2 4 r d  4- 2 d a V i t  2 

r ] - -  2r'ad 4- 2 d a a / r  

k(r--  a) 4rd ~' 2 d a a / r  2 

- -  r ( r - -  u )  i - - - 2 r ~ d  ~ - 2~3/;. ÷ - - - -  

2 k r - -  a 

We have to impose the restriction e~> 0 or 

2d 
1 - - - -  (r 3 -  a 3 ) > 0  

r 
(17) wi th  a <  r <  b ,  
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this will be satisfied if 
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2d 
1 - ~-  (b"-- a 3 ) >  0 .  

However,  from (13) we have 

2d 2d(b 3 -  a a ) ( b -  u) 
(18) 1 -  - ~  (b 3 -  a a) : k ( b -  a)b ' 

so tha t  condition (17) is fulfilled if ( b - - u ) / k >  O. 

I t  is convenient to take k < 0 so that  we must  have also ~ > b and there- 

fore ( u - - r )  -1 will not  contribute to infinities in the expression (15) for Pr in 

the range of r a < r < b .  

Let  us suppose tha t  

(19) 

and tha~ 

(20) 

2d(b 3 -  a 8) 
<<1 

b 

( b - - a ) / a < < l  . 

We may  in this case write instead of (13) 

u - - b  ~ -  k/(6db) (21) 

and instead of (15) 

(22) Szp~ ~ ( r - -  a)(b - -  r) 
r~ (u - -  r) 

- --  [-- 6db2(k + 1)] ~ 36d 2 (k + 1) ( r - -  a)(b - -  r ) .  
k 

Equat ion  (22) shows tha t  the radial pressure is at  most of the order of 

(b-- a) ~ d 
b: 

and is positive for k < -  1. 
As for the nonradial pressure as given by (16), there are between the square 

brackets three terms containing explicitly the factor ( r - - a )  which are at 

most  of the order ( b - - a ) d / a ;  as to the two other terms 

2 k ( 2 a r - -  a u -  r 2) 2 4rd + (2daa/r ~') 

r2(r T M  u) 2 - -  r 1 -  2r2d ÷ (2da3/r) ' 



AN EXACT SOLUTION FO R A STATIC S P H E R I C A L  S H E L L  ETC.  37 

we m a y  w r i t e  t h e m  w i t h i n  t h e  a p p r o x i m a t i o n  ( a ~ b m r ;  r - - u m b - - u  

k/6bd) 

2k 
(23) r ( r - -  u) 12d m 0 , 

t h a t  is to  s a y  t h a t  T] is of o r d e r  (b - -a )d /b  a t  mos t .  Th is  m e a n s  t h a t  our  

e x a c t  so lu t ion  y i e ld s  p re s su re s  as  low as des i r ed  p r o v i d e d  t h e  i ne qua l i t i e s  (19) 

"rod (20) a r e  sa t i s f ied .  The  so lu t ion  m a y  be  j o i n e d  s m o o t h l y  to  a Sc hw a rz sc h i l d  

so lu t ion  for  t h e  e x t e r i o r  and  w i t h  a M i n k o w s k i a n  so lu t ion  in  t h e  hole  accord-  

ing  to  

(24) e ~ = 

(24') e ° = 

J 

'-'%-'!)' 
qa (kl"~') (u - -  a )  k ( 1 - a / u )  

q,r (~"l~) ( u -  ,r) k(~-~l~ 

qb (~l~) ( u -  b) k(1-~l") ( 
1 - -  2d(b 3 -  a3)/b - J -- 

for  r ~  a 

for  a ~ r ~ b  , 

for  r ~ b ; 

for  r ~ a ,  

for  a ~ r ~ b  , 

2d r a for  r >  b ,  

( q = c o n s t a n t ) .  

d(b 3 - -  a 3) .... m 

The  r a t i o  of t h e  r a t e  of a c lock in  t h e  hole  to  t he  r a t e  of a c lock  a t  in f in i ty  is 

~ iven  b y  

-k~J°~/u--b\-k(1-°/~)/2[ 1 2d(b3--b a3)] ~ (25) (b/..) " - 2 

I n  t h e  ease  (b - -a) /b  <<J. a n d  2d(bS--aS)/b <<1 the  r a t e  of t h e  two clocks 

differs a p p r o x i m a t e l y  b y  t h e  S c h w a r z s e h i l d  f ac to r  

F r o m  t h e  e x a c t  so lu t ion  (21)~ we can  i n v e s t i g a t e  t h e  l i m i t i n g  ease of an  

in f in i t l y  t h i n  she l l  of r a d i u s  a. W r i t i n g  
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we have 

(26) 
e ~ = /  1 for r < a ,  

/ ( 1 - - 2 m / r )  -~ for r >  a;  

qa  (k~l~) ( u - -  a)  ~a-~/~) for r <  a , 

(26')  ~o = 
q a  (ka/m ( U - a)  k(1-a/u) 

. . . . . . .  ( 1 -  2 m / r )  
1 - -  2 m / a  

f o r  r > a .  

I t  is therefore  seen t h a t  e° is con t i nuous  whi le  e ~ is d i s c on t i nuous  across 

t he  shell.  

I t  has been  c la imed in  a r ecen t  s t u d y  (4) t h a t  the  me t r i c  of a t h i n  shel l  would  

be con t inuous  across the  shell ;  our  resu l t  shows t ha t ,  in  our  s y s t e m  of co-ordi- 

na t e s  a t  least ,  this  is n o t  t r u e ;  more  will  be  said on th is  po i n t  in  a coming  paper .  

The  so lu t ion  (26) for a n  in f in i t e ly  t h i n  shell  m a y  be w r i t t e n  in  a more  con- 

v e n i e n t  way ;  if we p u t  

qa(k~l~)(u - -  a)  ~a-~I~') = 1 - -  2 m / a  , (27) 

we o b t a i n  

e ~ = /  1 for r < a ,  
(2S) ( (1 - -  2 m / r )  -1 for r > a ; 

e " = /  ( 1 - - 2 m / a )  for r < a ,  
(2S') 

t ( 1 - - 2 m / r )  f o r  r > a . 

(4) A. PAPAP]~TROU and A. HAgAOUI: A n n .  I n s t .  H e n r i  Po incarg ,  6, No. 4 (1967). 

R I A S S U N T O  (*) 

Si dh la soluzione esatta del campo gravitazionale in uno strato sferico statico di 
materia. Si deducono le condizioni di giunzione esatte nel caso di uno strato sottilc. 

(*) Traduz ione  ~ cura della Redaz ione .  

ToqHoe pemeHHe ~ a  CTaTHqeeKofi cOepHqecKofi O60~OqRH aemecrBa B BaRyyMe. 

Pe3ioMe (*). ~ I'IpHBO~HTC~ TOKltOe pemerme ~n~ rpaBHmt~normoro non~ B cxaTri- 
~ec~o.~ c~epa~ec~o_~ o 6 o n o ~ e  BemecrBa. Bbmo;larcn TO~IHble ycnoBrm ClIItlBaHI4~I B 
cnyqae TOrmOa o6ono~mm 

( ' )  Hepeoec)euo pe3atrqueS.  


